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VWRFNPDUNHWPXOWLSOHV VXFK DV SULFHWRHDUQLQJV UDWLR DQG  XVLQJPRUH WKDQ RQHPXOWLSOLHU VXFK DV SULFHWR
HDUQLQJVDQGSULFHWRERRNUDWLRVZKHQXVLQJPDUNHWFRPSDULVRQDSSURDFK

















WKH DSSUDLVHG FRPSDQ\ DV I  I  NI  9DOXDWLRQV iI DUH FRPSRVHG IURP YDOXDWLRQV LPSOLHG E\ LQGLYLGXDO
FRPSDQLHV UHSRUWLQJ PXOWLSOLHUV )RU H[DPSOH I VD\ YDOXH LPSOLHG E\ 3( UDWLRV LV FRPSRVHG RI N YDOXHV
 Qmi  YDOXHLPSOLHGE\FRPSDULVRQFRPSDQ\  Qmi  YDOXHLPSOLHGE\FRPSDULVRQFRPSDQ\
«   Qmi NN  YDOXHLPSOLHGE\WKHODVWFRPSDULVRQFRPSDQ\ im  UHSUHVHQWV3(UDWLRDWLWKFRPSDQ\
DQG Q HDUQLQJV UHDOL]HG E\ WKH DSSUDLVHG FRPSDQ\ 6LPLODUO\ YDOXDWLRQV FRPLQJ IURP RWKHU PXOWLSOHV I VD\
SULFHWRERRNHWFDUHFRQVWUXFWHGLQDVLPLODUZD\+RZH[DFWO\WKHILQDOYDOXHRIHDFKPXOWLSOLHUPHWKRGLVGHULYHG
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:H VKDOO FDOO WKH DYDLODEOH LQGLYLGXDO PXOWLSOLHU ILQDO YDOXDWLRQV RI WKH DSSUDLVHG FRPSDQ\ I  I  NI 
HVWLPDWRUV
6XSSRVHDFRPSRVLWHHVWLPDWRULVGHILQHGDVOLQHDUFRPELQDWLRQRIN LQGLYLGXDOHVWLPDWRUV I « NI 

 NNN IIII  DDDDDD    





WKHXQREVHUYDEOH WUXHYDOXHRI WKH FRPSDQ\ZH VHHN WRDSSULVH FDQ IRU HYHU\ HVWLPDWRUEH HYDOXDWHG LQ WHUPVRI
Mean Square Error0HDQ6TXDUH(UURURIDFRPSRVLWHHVWLPDWRULV










 ^ ` ^ `  ^ `IVIEIMSE N    PDDD  

ZKHUHWKHFRPSRVLWHHVWLPDWRU¶VPHDQYDOXH ^ `IE LV

 ^ ` ^ ` ^ ` ^ `NN IEIEIEIE  DDD   

DQGLWVYDULDQFH ^ `IV LV


^ ` ^ ` ^ ` ^ `
^ ` ^ ` ^ `
































ZKHUH ^ `iIE  ^ `iIV DQG ^ `ji IIC  DUHPHDQ YDOXHV YDULDQFHV DQG FRYDULDQFHV DPRQJ WKH LQGLYLGXDO UHIHUHQFH
VDPSOHYDOXDWLRQREVHUYDWLRQVUHVSHFWLYHO\)RUQRWDWLRQDOFRQYHQLHQFHWKHILUVWULJKWKDQGVLGHEUDFNHWLQFDQ
EH UHVWDWHG LQ WHUPVRI V\VWHPDWLF ELDVHVRI LQGLYLGXDO HVWLPDWRUV  ib  DJDLQVW WKHXQREVHUYDEOH WUXHYDOXHRI WKH
DSSUDLVHGFRPSDQ\P 

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1RWLFHDOO ULJKWKDQGVLGHPHDQYDOXHVYDULDQFHVDQGFRYDULDQFHVDUHHVWLPDEOH IURP WKH UHIHUHQFHFRPSDQLHV
VDPSOHXVLQJWKHLUVDPSOHFRXQWHUSDUWV'LIIHUHQWLDWLQJZLWKUHVSHFWWRDOODOSKDVSURGXFHVWKHRSWLPDOZHLJKWLQJ
VFKHPH$VWKHDOJHEUDWHQGVWREHH[WUHPHO\WHGLRXVZHZLOOQRWLFHRIWKHIROORZLQJVKRUWFXW
&RQVLGHURQO\HVWLPDWRUV I DQG I ,IWKHUHKDSSHQWREHPRUHWKDQLQGLYLGXDOHVWLPDWRUVWKHQSURFHHGDV
IROORZV&DOFXODWH ILUVW D FRPSRVLWH HVWLPDWRU FRQVLVWLQJRI WKH ILUVW WZRHVWLPDWRUV:LWK WKH UHVXOWLQJFRPSRVLWH
HVWLPDWRU LQ KDQG FRPELQH LW ZLWK I DQG SURFHHG VWHSZLVH IXUWKHU XQWLO WKH YHU\ ILQDO FRPSRVLWH HVWLPDWRU




^ ` ^ ` ^ ` 













/DEHO WKH UHVSHFWLYH ELDVHV PHDQ YDOXHV RI HVWLPDWRUV PLQXV WKH WUXH YDOXH ^ ` P  IEb DQG





^ ` ^ `
^ ` ^ ` ^ ` ^ ` ^ `
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^ ` ^ ` ^ ` ^ ` ^ `






















ZKHUH ^ `iIE  ^ `iIV DQG ^ ` IIC DUH PHDQ YDOXHV YDULDQFHV DQG FRYDULDQFH EHWZHHQ WKH WZR LQGLYLGXDO
HVWLPDWRUVUHVSHFWLYHO\DQG ^ ` ^ ` ^ `  IICIbIbK  
,QYHVWLJDWLQJWKHFRXUVHRIWKHILUVWGHULYDWLYHIXQFWLRQRI ^ `IMSE   LWFDQEHVKRZQWKHDOSKDVLQDQG
GHOLYHUWKHORZHVWDWWDLQDEOHYDOXHRI06(,IERWKHVWLPDWRUVDUHQRWLGHQWLFDOWKHRSWLPDOZHLJKWLQJLVXQLTXH$QG
LIDOOHVWLPDWRUVKDYHQRQ]HURDQGILQLWHYDULDQFHVDQGWKHLUELDVHVDUHQRWLQILQLWHVXFKDQRSWLPXPDOZD\VH[LVWV
1HYHUWKHOHVV LW LV QRW JXDUDQWHHG WKH YDOXHV RI DOSKDV ZLOO JHQHUDOO\ OLH EHWZHHQ  DQG  )URP PDWKHPDWLFDO
SHUVSHFWLYHLW LVUHDVRQDEOH3UDFWLFDOO\KRZHYHU LWYLRODWHVWKHFRPPRQSHUFHSWLRQRIZHLJKWLQJ7RHYDGHVXFK
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PRUH SUHFLVH HVWLPDWRU JURZVZLWK IRXU DVSHFWV7KHVH DUH  WKHGLIIHUHQFH LQ SUHFLVLRQ 06(YDOXHVEHWZHHQ




















7KH ILQGLQJV IRU XQELDVHG DQG XQFRUUHODWHG FDVH DUH VLPLODU WR9DVLFHN¶V  VFKHPH IRU FDOFXODWLQJ EHWDV




&DVH &RUUHODWLRQ %LDV :HLJKWRQ I  :HLJKWRQ I 
 1R 1R
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 3UDFWLFDOXVDELOLW\RIWKHIRUPXODV















FHUWDLQZKDW WKHLU³ULJKW´YDOXH IRU WKDWSDUWLFXODUFRPSDQ\ LV7KHNH\TXHVWLRQKHUH LV LI WKLV UDQGRPYDULDEOH¶V
PHDQ LV LGHQWLFDO WR WKH DSSUDLVHG FRPSDQ\¶V XQREVHUYDEOH PXOWLSOH LI LW¶V LWV XQELDVHG SUHGLFWRU ,I \HV WKDW
FRPSDQ\¶VPXOWLSOHVKRXOGEH WDNHQ³DV LV´ ,IQRW WKHFRPSDQ\¶VPXOWLSOHVKRXOGEHDGMXVWHG WRDFFRXQW IRU WKH
GLIIHUHQFHV LQ ERWK FRPSDQLHV ,I ZH KDYH QR LGHD RI ZKDW PDJQLWXGH DQG HYHQ GLUHFWLRQ VXFK ELDV LV WKH
FRPSDQ\¶VPXOWLSOHLVRIOLPLWHGXVDELOLW\
$VHYHU\FRPSDQ\LVVOLJKWO\GLIIHUHQWDQGZHKDYHRQO\REVHUYDWLRQRQWKHPXOWLSOHIRUWKDWFRPSDQ\DQDO\VLV
RQ WKH OHYHO RI LQGLYLGXDO FRPSDQLHV LV XQIHDVLEOH 7KHUHIRUH ZH FRPELQH VDPH PXOWLSOH YDOXHV IURP PRUH
FRPSDQLHV:HWKHQbelieve WKHDYHUDJHPXOWLSOHIRUVXFKJURXSLVPRUHRUOHVVWKHVDPHDVWKHXQREVHUYHGPXOWLSOH
IRUWKHDSSUDLVHGFRPSDQ\
$ FRPPRQ SUDFWLFH 0DĜtN HW DO  SS  LV KRZHYHU WR GHWHUPLQH WKH SRVLWLRQ RI WKH DSSUDLVHG
FRPSDQ\vis-à-visWKHFRPSDULVRQJURXSLHLILWLVEHWWHULWVKRXOGJHWKLJKHUPXOWLSOHVDQGYLFHYHUVD7KHQWKH
PHDQ RI FRPSDULVRQ JURXS VKRXOG QRW EH HTXDO WR WKH XQREVHUYHGYDOXHG FRPSDQ\¶VPXOWLSOH1HYHUWKHOHVV WKH





EHFDXVH RI OLNHO\ UDQGRPQHVV ERWK HVWLPDWRUV EHLQJ SUREDEO\ XQELDVHG HJ ZH DUH XQDEOH WR FRPH XS ZLWK D


















3.2. Assumption 2 (Means and Variances) 
7KHPRUH REVHUYDWLRQV FRPSDQLHVZHKDYH WKHPRUH SUHFLVH WKHPHDQV DULWKPHWLF DYHUDJHV DQGYDULDQFHV
VDPSOH YDULDQFHV FDQ EH HVWLPDWHG )RU WKLV UHDVRQ LW LV DGYLVDEOH WKDW WKH VDPSOH LQYROYHV PDQ\ FRPSDQLHV
+RZHYHULWLVDVVXPHGDOOWKHFRPSDQLHVDUHDOLNHDQGWKHLUPXOWLSOHVGLIIHURQO\E\UDQGRPQHVV0DQ\WLPHVWKLVLV
QRW WKH FDVH 7KH WUDGHRII EHWZHHQ UHOHYDQFH DQG VDPSOH VL]H LV D VHULRXV SHULO LQ WKH FDOFXODWLRQ (VSHFLDOO\
REVHUYDWLRQVZLWK YHU\ KLJK RU YHU\ ORZ YDOXH VKRXOG EH FDUHIXOO\ LQYHVWLJDWHG DV WKH\ FDQ VXEVWDQWLDOO\ LQIODWH
YDULDQFHV2QWKHRWKHUKDQGZKHQWKHVDPSOHLQYROYHVRQO\DIHZFRPSDQLHVWKHYDULDQFHPHDVXUHLVH[WUHPHO\





3.3. Assumption 3 (Correlations) 
&RUUHODWLRQV FDQ EH HDVLO\ FDOFXODWHG LI WKH VDPH VHW RU UHDVRQDEO\ ODUJH VXEVHW RI FRPSDQLHV UHSRUWV PRUH
PXOWLSOHV 3URSHU FRUUHODWLRQ PHDVXUHPHQW UHTXLUHV PRUH REVHUYDWLRQV WKDQ YDULDQFH PHDVXUHPHQW EHFDXVH
LQWHUDFWLRQVEHWZHHQWZRYDULDEOHVDUHEHLQJH[DPLQHG$UHPXOWLSOHVFRUUHODWHG",IERWKHVWLPDWRUVDUHEDVHGRQWKH
VDPH VDPSOH VD\ VDPH UHIHUHQFH JURXS RI ILUPV FRUUHODWLRQ PLJKW VWHP IURP VHYHUDO UHDVRQV LQFOXGLQJ WKH
IROORZLQJ WZR %RWK LQGLFDWRUV LQYROYLQJ WKH VDPHEXLOGLQJEORFZLOOEHFRUUHODWHG)RUH[DPSOHZKHQXVLQJ
SULFHWRVDOHVDQG3(LWLVOLNHO\WKDWHDUQLQJVDUHKLJKZKHQVDOHVDUHKLJKERWKDIIHFWLQJVKDUHSULFHVLQDVLPLODU
IDVKLRQ (VWLPDWRU LWHPVDUH MRLQWO\ DIIHFWHGE\ D WKLUGYDULDEOH ,I D FRPPRQ WKLUG IDFWRU IRU H[DPSOH JRRG
PDQDJHPHQWSRVLWLYHO\DIIHFWVERWK3(DQGSULFHWRERRNIRUDILUPFRUUHODWLRQRFFXUV
)RUDFDVHRIGLIIHUHQWVDPSOHVHWVRIFRPSDQLHVVD\3(FDOFXODWHGRQRQHVHWDQGSULFHWRERRNRQDQRWKHU
FRUUHODWLRQ LV QRW SUHVHQW =HUR FRUUHODWLRQ WKHQ VLPSOLILHV WKH FDVH8QIRUWXQDWHO\ VXFK D VHWXS LV YHU\ UDUH LQ
YDOXDWLRQDVWKHUHLVQRUHDVRQZK\GLIIHUHQWPXOWLSOHVVKRXOGEHH[FOXVLYHO\DYDLODEOHIRUGLIIHUHQWFRPSDQLHV









$V QRWHG LQ WKH SUHYLRXV VHFWLRQ XVLQJ WKH ZHLJKWV FDQ EH MXVWLILHG LQ FDVH ZH DVVXPH ERWK HVWLPDWRUV DUH
XQELDVHG/HWXVGHPRQVWUDWHWKHPHWKRGRQDUHDOOLIHH[DPSOH:HDUHWREULQJIXQGDPHQWDOYDOXHRIDFRPPRQ
VWRFNRI)RUG0RWRU&RPSDQ\OLVWHGDW1<6()RUWKLVZHXVHPXOWLSOHVFRPLQJIURPDOORWKHUFRPSDQLHVIURP
$XWRPRELOHV	&RPSRQHQWV LQGXVWU\ FRQWULEXWLQJ WR 63 LQGH[ 7DEOH  7ZR PDUNHW PXOWLSOHV ZLOO EH
HPSOR\HGSULFHWRHDUQLQJVUDWLR3(DQGSULFHWRERRNUDWLR3%$OOGDWDDUHGUDZQIURP%ORRPEHUJDVRI-XO\
  3( DQG 3%PXOWLSOHV IRU FRPSDULVRQ FRPSDQLHV DUH LQ 7DEOH  LQ ³5HSRUWHGPXOWLSOHV´ FROXPQ )RUG
HDUQLQJVSHUVKDUHLV86'DQGLWVERRNYDOXHSHUVKDUHDPRXQWVWR86'7KH)RUGVKDUHLVFDOFXODWHGDVD
















ZKHUH ji UHIHUV WR )RUG YDOXDWLRQ LPSOLHG E\ FRPSDQ\ M¶V PXOWLSOH i WKHLU DULWKPHWLF DYHUDJH RYHU DOO j DQG
 n DVZHKDYH FRPSDULVRQ FRPSDQLHV:H FRXOG DOVR DFFRXQW IRU WKH IDFWPRUH FRPSDQLHV WKHRUHWLFDOO\
LQFUHDVHWKHUHSUHVHQWDWLYHQHVVRIWKHDYHUDJHZKLFKLVVRPHWLPHVDFFRXQWHGIRUE\GLYLGLQJE\DVTXDUHURRW
RIQXPEHURIREVHUYDWLRQVKHUHE\WKHVTXDUHURRWRI7KLVLGHDLVEDVHGRQWKHDVVXPSWLRQDOOFRPSDQLHVLQWKH
















 %25*:$51(5,1& $XWR&RPSRQHQWV    
 '(/3+,$872027,9(3/& $XWR&RPSRQHQWV    
 *(1(5$/027256&2 $XWRPRELOHV    
 *22'<($57,5(	58%%(5&2
$XWR
&RPSRQHQWV    
 +$5/(<'$9,'621,1& $XWRPRELOHV    
 -2+1621&21752/6,1& $XWR&RPSRQHQWV    





ZH FRQVLGHU ERWK HVWLPDWRUV XQELDVHG YDULDQFHV DUH HTXDO WRMSE VHH (TXDWLRQ  DQG UHSUHVHQW WKH HVWLPDWRU
SUHFLVLRQPHDVXUH WKH ORZHUYDULDQFH WKHEHWWHU7KHFRPSDULVRQRISUHFLVLRQDW WKH OHYHORIPXOWLSOHVDQGDW WKH





/HYHO (VWLPDWRU 0HDQ 9DULDQFH
0XOWLSOH 3(  
0XOWLSOH 3%  
)RUGYDOXDWLRQ 3(  






















 BPEP DD  
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  BPBPEPEPBPEP IEIEI DDDD  
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1RWHWKDWIRU  D ZHXVH3%HVWLPDWRURQO\DQGIRU  D ZHXVH3(HVWLPDWRURQO\/RZHUYDULDQFHDQG




5HWXUQLQJ WR WKH WKUHH RSWLRQV KRZ WR FRPSRVH WKH ILQDO HVWLPDWH RXW RI VHYHUDO HVWLPDWRUVPHQWLRQHG LQ WKH
LQWURGXFWLRQWKHVWDWLVWLFDOJXLGDQFHFDQEHVXPPDUL]HGDVIROORZV8VLQJZHLJKWHGDYHUDJHLVRSWLPDOVROXWLRQ







)LUVWO\ LI WKHUH DUH V\VWHPDWLF ELDVHV LQ HVWLPDWRUV ZH DUH UDUHO\ DEOH WR FRUUHFW WKHP 6HFRQGO\ HVWLPDWLQJ
YDULDQFHVDQGFRUUHODWLRQVLVLPSUHFLVHLIWKHVDPSOHLVVPDOO7KHUHIRUHWKHULJRURXVDSSURDFKLVSUDFWLFDOO\XVHOHVV






















7KHFRQILGHQFHEDQGVDUHFRQVWUXFWHGXVLQJWKHVDPHPHWKRGRORJ\IRUDOOYDOXHVRI EP D DOSKDVRWKHLUZLGWKVDUHFRPSDUDEOH1HYHUWKHOHVV
LW¶VGDQJHURXVWRFODLPWKH\UHDOO\UHSUHVHQWWKHGHFODUHGUHOLDELOLW\
